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Abstract. We apply integral representations for (0, g)-forms, q > 1, on non- 
smooth strictly pseudoconvex domains, the Henkin-Leiterer domains, to derive 
weighted C k estimates for a given (0, q)-form, /, in terms of C k norms of df, 
and d*f. The weights are powers of the gradient of the defining function of 
the domain. 



1. Introduction 

Let X be an n-dimensional complex manifold, equipped with a Hermitian metric, 
and flccla strictly pseudoconvex domain with defining function r. Here we do 
not assume the non- vanishing of the gradient, dr, thus allowing for the possibility 
of singularities in the boundary dD of D. We refer to such domains as Henkin- 
Leiterer domains, as they were first systematically studied by Henkin and Leiterer 
in0. 

We shall make the additional assumtion that r is a Morse function. 

Let 7 = \dr\. In pQ the author established an integral representation of the form 

Theorem 1.1. There exist integral operators T q : L? Q q+1 ^(D) — ► L^ Q q \(D) < 
q < n = dimX such that for f £ L^ ^ (~l Dom(d) D Dom{d* ) one has 

7 3 / = T q df + T*_]B* f + error terms for q > 1. 

Theorem 11.11 is valid under the assumption we are working with the Levi met- 
ric. With local coordinates denoted by Ci,.. -,Cn, we define a Levi metric in a 
neighborhood of dD by 

_d 2 



A Levi metric on X is a Hermitian metric which is a Levi metric in a neighborhood 
of dD. From what follows we will be working with X equipped with a Levi metric. 

The author then used properties of the operators in the representation to estab- 
lish the estimates 

Theorem 1.2. For f 6 L>l q (D) n Dom(B) n Dom(B*), q > I, 

Il7 3(n+1) /lk~ < Il7 2 9/||oo + || 7 2 a*/lloo + U/lk 
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In this paper, we examine the operators in the integral representation, derive 
more detailed properties of such operators under differentiation, and use the prop- 
erties to establish C k estimates. Our main theorem is 

Theorem 1.3. Let f e L% tQ (D) ("1 Dom(d) n Dom(B*), q > 1, and a < 1/4. Then 
for N(k) large enough we have 

\h N(k) f\\c» + * < h k+2 df\\c* + \h k+2 d*f\\ c >° + Wfh- 

We show we may take any N(k) > 3(n + 6) + 8k. 

Our results are consistent with those obtained by Lieb and Range in the case of 
smooth strictly pseudoconvex domains [4], where we may take 7=1. In, [4], an 
estimate as in Theorem 11.31 with 7 = 1 and a < 1/2 was given. 

In a separate paper we look establish C k estimates for / e L 2 (D) n Dom(9), as 
the functions used in the construction of the integral kernels in the case q — differ 
from those in the case q > 1. 

One of the difficulties in working on non-smooth domains is the problem of the 
choice of frame of vector fields with which to work. In the case of smooth domains 
a special boundary chart is used in which lo 71 — dr is part of an orthonormal frame 
of (1, 0)-forms. When dr is allowed to vanish, the frame needs to be modified. We 
get around this difficulty by defining a (l,0)-form, oj n by dr — juj n . In the dual 
frame of vector fields we are then faced with factors of 7 in the expressions of the 
vector fields with respect to local coordinates, and we deal with these terms by 
multiplying our vector fields by a factor of 7. This ensures that when vector fields 
are commuted, there are no error terms which blow up at the singularity. 

We organize our paper as follows. In Section [2] we define the types of operators 
which make up the integral representation established in [1]. Section [3] contains the 
most essential properties used to obtain our results. In Section [3] we consider the 
properties of our integral operators under differentiation. Lastly, in Section |4] we 
apply the properties from Section [3] to obtain our C k estimates. 

The author extends thanks to Ingo Lieb with whom he shared many fruitful 
discussions over the ideas presented here, and from whom he originally had the 
idea to extend results on smooth domains to Hcnkin-Leiterer domains. 



2. Admissible operators 

With local coordinates denoted by £1 , . . . , £ n , we define a Levi metric in a neigh- 
borhood of dD by 

it a O>0C fc 

A Levi metric on X is a Hcrmitian metric which is a Levi metric in a neighborhood 
of dD. 

We thus equip X with a Levi metric and we take p(x, y) to be a symmetric, 
smooth function on X x X which coincides with the geodesic distance in a neigh- 
borhood of the diagonal, A, and is positive outside of A. 

For ease of notation, in what follows we will always work with local coordinates, 
£ and z. 

Since D is strictly pseudoconvex and r is a Morse function, we can take r e = r + e 
for epsilon small enough. Then r € will be defining functions for smooth, strictly 
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pscudoconvex D f . For such r f we have that all derivatives of r e are indpcndent of 
e. In particular, j e (() = 7(C) and p e ((, z) = p((, z). 
Let F be the Levi polynomial for D t : 

" r)r 1 " r) 2 r 

j=l " j,k=l 

We note that F(C, z) is independent of e since derivatives of r e are. 

For e small enough we can choose 5 > and e > and a patching function 
<p((, z), independent of e, on C™ x C™ such that 



¥>(C,2) = 



for p 2 (C,z) < § 
for p 2 ((,z) > |e, 

and defining S 5 = {C : |r(C)| < <5}, £>-« = {C : KC) < and 

<A e (C, «) = p(C, «)(F £ (C, *) ~ r £ (0) + (i - ¥>(C, z))p 2 (C, z), 
we have the following 

Lemma 2.1. On L> £ x D e f] Ss x D-$, 

|0 e |>|(9r e (z),C-z)|+p 2 (C,z), 

w/iere tfte constants in the inequalities are independent of e. 

We at times have to be precise and keep track of factors of 7 which occur in 
our integral kernels. We shall write £-j,k((, z) for those double forms on open sets 
U C D x D such that £j t k is smooth on U and satisfies 

(2.1) £j,fc(C,*);$&(OIC-s| J ', 

where is a smooth function in D with the property 

l7 a A,&|<7*, 
for D a a differential operator of order a. 

We shall write £j for those double forms on open sets U C D x D such that £j 
is smooth on U, can be extended smoothly to D x D, and satisfies 

£i(C,*)<IC-2| J '- 

£* k will denote forms which can be written as Ej t k{z, ()■ 

For iV > 0, we let Rn denote an TV-fold product, or a sum of such products, of 
first derivatives of r(z), with the notation Rq = 1. 

Here 

2/v .a , r ^(C) r £ (z) 



P £ (C,z) = /(C,2) + 



7(0 7(*0 



Definition 2.2. A double differential form .A e (C, z) on £> e x P/ £ is an admissible 
kernel, if it has the following properties: 

i) A e is smooth on D e x D e — A e 

ii) For each point (Co, Co) S A c there is a neighborhood {/ x U of (Co, Co) on 
which A f ~ or .A has the representation 

(2.2) p^^^^p^^^r^:^" 1 

with TV, M, a, (3, j,k,tQ, . . . ,m integers and j,k,to,l,m > 0, — t = ti + • • • + 
t 4 < 0, TV, M > 0, and TV + a, M + [3 > 0. 
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The above representation is of smooth type s for 

s = 2n + j + min{2, t — I — m} — 2(to + t — I — m). 

We define the type of A e ((, z) to be 

t = s - max{0, 2-N-M-a-P}. 

A e has smooth type > s if at each point (CcbCo) there is a representation (|2.2[) of 
smooth type > s. A e has type > r if at each point (£o, Co) there is a representation 
(12. 2p of type > r. We shall also refer to the double type of an operator (r, s) if the 
operator is of type r and of smooth type s. 

The definition of smooth type above is taken from [5J. Here and below (r e (x))* = 
r e (y), the * having a similar meaning for other functions of one variable. 

Let Aj be kernels of type j. We denote by Aj the pointwise limit as e — > of 
Aj and define the double type of Aj to be the double type of the Aj of which it is 
a limit. We also denote by to be operators with kernels of the form Aj. Aj will 
denote the operators with kernels Aj. We use the notation A^ k -. (resp. A(j ^) to 
denote kernels of double type (j, k) . 

We let £j_2n(C; z ) be a kernel of the form 

pi {( . x _ £m,o(C,z) ■ > 1 

where m — 2k > j — 2n. We denote by Ej_2 n the corresponding isotropic operator. 
From PP, we have 

Theorem 2.3. For f 6 L^ Q q \(D) n Dom(d) (~l Dom(d*), there exist integral oper- 
ators T q , S q , and P q such that 

j(z) 3 f(z) = ^*T q 5 ( 7 2 /) + l*S q B* ( 7 2 /) + l*P q (7 2 /) ■ 
T q , S q , and P q have the form 

T q = Ei-2n + A\ 
S q = E\—2n + Ai 

p 1 = ~ A t-hl) + —^(-1,1) 



3. Estimates 

We begin with estimates on the kernels of a certain type. In [I], we proved the 
Proposition 3.1. Let Aj be an operator of type j. Then 

A, : L p (D) -> L S (D) ->-- - 
3 y ' v 1 s p 2n + 2 

We describe what we shall call tangential derivatives on the Henkin-Leiterer 
domain, D. A non-vanishing vector field, T, in K 2 ™ will be called tangential if 
Tr = on r = 0. Near a boundary point, we choose a coordinate patch on which we 
have an orthogonal frame u 1 , . . . , u> n of (1, 0)-forms with dr = jui n . Let L±,...,L n 
denote the dual frame. L±, . . . , L n -i, L\,..., L n -i, and Y = L n — L n are tangential 
vector fields. N = L n + L n is a normal vector field. We say a given vector field X is 
a smooth tangential vector field if it is a tangential field and if near each boundary 
point X is a combination of such vector fields L\, . . . , £ n -i, L±, . . . , L n -i,Y, and 
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rN with coefficients in C°°(D). We make the important remark here that in the 
coordinate patch of a critical point, the smooth tangential vector fields are not 
smooth combinations of derivatives with respect to the coordinate system described 
in Lemma 13.91 In fact, they are combinations of derivatives with respect to the 
coordinates of Lemma [3~9l with coefficients only in C°(D) due to factors of 7 which 
occur in the denominators of such coefficients. In general a k th order derivative of 
such coefficients is in £o,-fc- Thus, when integrating by parts, special attention has 
to be paid to these non-smooth terms. 

Definition 3.2. We say an operator with kernel, A, is of commutator type j if A 
is of type j, and if in the representation of A in (|2.2[) we have tits > 0, ^4 > 0, 
and 0i +t 3 )(*2 +U) < 0. 

Definition 3.3. Let W be a smooth tangential vector field on D. We call W 
allowable if for all ( E 3D 

G Tl'°(8D)(BT°' 1 (dD). 

The following theorem is obtained by a modification of Theorem 2.20 in [1] (see 
also [3]). The new details which come about from the fact that here we do not 
assume \dr\ ^ require careful consideration and so we go through the calculations 
below. 

Theorem 3.4. Let A\ be an admissible operator of commutator type > 1 and X a 
smooth tangential vector field. Then 

1 

1 *X Z A 1 = -A^X^ + 4°' + A i U)w ^> 

where X is the adjoint of X , the W v are allowable vector fields, and the Aj are 
admissible operators of commutator type > j . 

Proof. We use a partition of unity and suppose X has arbitrarily small support 
on a coordinate patch near a boundary point in which we have an orthogonal 
frame cj 1 , . . . , w™ of (1, 0)-forms with dr = r yuj n , as described above with L\,...,L n 
comprising the dual frame. We have L±, . . . , L\, . . . , L„_i, and Y = L n — L n 

as tangential vector fields, and N — L n + L n a normal vector field. 
We have the decomposition of the tangential vector field X 

n—X n— 1 

X = Y a 3 L i + X! b 3^j +aY + brN, 

where the aj, bj, a, and b are smooth with compact support. We then prove the 
theorem for each term in the decomposition. 
Case 1). X = ajLj or bjLj, j < n — 1, or aY. 
We write 

j*X z A x = -iX c Ai + (7^ c +j*X z )Ai. 
Then an integration by parts gives 



y*X*A 1 f = -Ai{X^f) + (/, ( 7 ^ C + 7*^ z Mi)- 
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We now use the following relations 

(3.1) ( 1 X<+ 7 *X z )£^ a 

( 7 A^ + 7 *A Z )P 
( 7 A C + 1 *X z )(j) 

Any type 1 kernel 

(3.2) Ar(C, z) = RNRlfEj^lpP-^^f 2 ^ 3 ^ 4 ^*™ 
can be decomposed into terms 

Ai = A[ + A 2 

where A^ is of pure type, meaning it has a representation as in (|3.2p but with 
t-j = t4 = and tit2 < 0, [J. From the relations (|3.ip we have 

( 7 x c + 7 *x z )yi 2 = 7yi 1 +yi 2 . 

In calculating ( 7 X C + 7*X Z ) 1 A' 1) we find the term that is not immediately seen 
to be of type A\ is that which results from the operator ^X^ + 7 * A z falling on cj) 11 , 
in which case we obtain the term of double type (0, 0) 

B := i? A ri?* f £ J+liCt+1 £* /3 P- t «0 tl - 1 ^ 2 r / r* m , 

where N + a > 2, plus a term which is A\. We follow [3] to reduce to the case 
where B can be written as a sum of terms B a such that B a or B a is of the form 

7 2 CT (^ + 0) ri+r2 - CT i?Ari?^£ 3+ i, Q -i£I, /3 F- to r i r* m , 

where t\ + t 2 < —3 and t% < a < t\ + t 2 or t 2 < a < t\ + t 2 . 
We fix a point 2 and choose local coordinates £ such that 

dCj(z) = wjO). 

Working in a neighborhood of a singularity in the boundary (where we can use a 
coordinate system as in p. Ill) below), we see is a combination of derivatives 
with coefficients of the form £o(z), while L n is a combination of derivatives with 
coefficients of the form £o(C)i where £o is defined in (|2.1[) . We have A„ — g|- is a 
sum of terms of the form 



Q * 

* 

rr 

= £2,0 H r£o,o 

77 

= £q,qP + £2,0 
= £1,1 + £2,0- 



(£oW-£o(C))A e = £i,_iA e , 
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where A is a first order differential operator, and the equality follows from 

J L = 7(*)-7(C) 

7(0 70) 7(070) 

1 7 2 W-7 2 (C) 



70)7(0(7(0+70)) 

i 6(0£i 

70)7(0(7(0+70)) 
- 1 £ i,o 
70) 0(0+70)) 

< 1 £ i,o 
~ 70)70) 

= £l,-2- 



Using these special coordinates, we note 

F^ = 7 + £i,o + £ 2 ,-i 
F^=-7 + £ 1)0 + £2,-i 

y P = £ ( P + £ ) 

7 

and write 

B CT -7 2 ^(^ + 0) Tl+T2 "' T i 1 , Ar^£, + l,a-l£L^P-* O rO™ 

= 7 r(^ +1 (0 + 0)^+— i? A ri?^£, +1 , ct _ 1 £* !/3 p- t vO™) 

+ 7 CT O + 0) Tl+T2 - ff i? A ri^£, +2 , Q _ 1 £^p-Vr* m 
+ 7 <^0 + tp+^RNRlt^+s^lpP-^r'r*" 1 
+ 7 ^ +1 + l>) Tl+T i- a - 1 RNR* M l ] +2, a -iZlt 3 P- to r l r* m 
+ 7 ff+1 O + f'+^^^NKf^+^^^/^r'r"" 
+ 7 CT+1 O + ^) Tl+T2 - ff i 1 , Ar_ 1 i?; f £, +1 , ct _ 1 £^ /3 p- to rO™ 
+ 7 ff+1 O + ^) Tl+T2 - a RNR*M^, a -i^P' to r l r* m 

+ 1 r + \^+^r i+T2 - a RNRM^+2, a -i^p- t °- 1 r l r* m 

+ r + \4> + 0) Tl+T2 - a RNRi 1 £- 3+ i, a ~i£-t,f3P- to r l r* m 

+ r + \4> + ^) Tl+T2 ^RNRl I £ 3 +3, a -i£t,pP- t0 ' 1 r l r» n . 



Thus 



B a = jYA {h2) +A[. 



By the strict pseudoconvexity of D there exists allowable vector fields W\ , Wi , 
and W 3 , and a function <p, smooth on the interior of D which satisfies 

^ k ip = £ ,i-fc, 

where $ is a first order differential operator, such that Y can be written 

Y = <p[W 1 ,W 2 ] + W 3 . 
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Thus 

7^(2,1) = 7<P\Wl,W 2 ]A( h 2) +7^3^.(1,2) 

= 7[Wi,W 2 ]vA (lt 2) +A[ 

with A[ of commutator type > 1. 
An integration by parts gives 

(/,7[Wi,W 2 ](^.A 2 )) = (Wijf,W 2 (tpA (1 , 2) )) - (W ? 2 7/,W' 1 (^yi (li2) )). 

Wi and W 2 are allowable vector fields while W 2 ((pAn t2 ^) and Wi(<pA(i l2 )) are of 
the form A[ where A^ is of commutator type, proving the theorem for Case 1. 
Case 2). X = £ WV. 
We use 

(3.3) (nN ( + r*> r *N')E j , a = £ j , a 



(r 7 AK + r *j*N z ) P = £ 2 „ + —£<, o 

7 7 

= ^2,0 + 

( nN < + r *j*N z ) (j> = r£ , + r*£ , . 



Thus 



1 *XA l f=(Z r*f,~f*N z A 1 ) 

=(-e r/, 7^ C -Ai) + (/, £o (ryJ^ + r* 7 *N z ) Ax) 
=(-N<(E on f)M + (/, £o (nN< + r*^N z ) At), 

We have 

^(£ r 7 /) = £ ,o/ + £oriVS/ 
and EorN 1 * is an allowable vector field. The relations in (|3 . 3|) show that 

(r 7 iV c + r*j*N z ) At 
is of commutator type > 1. Case 2 therefore follows. □ 

Below we use a criterion for Holder continuity given by Schmalz (see Lemma 4.1 
in [6]) which states 

Lemma 3.5 (Schmalz). Let D C M. m , m > 1 be an open set and let B(D) denote 
the space of bounded functions on D. Suppose r is a C 2 function on W n , m > 1, 
such that D :— {r < 0} C R m . Then there exists a constant C < oo such that the 
following holds: If a function u 6 B(D) satisfies for some < a < 1/2 and for all 
z,w £ D the estimate 

. . , „ , ,„ |Vr(w)||z - w\ l ' 2+a 
\u(z) - u w < \z - w\ a + max ^ '' 1 

y=z,w \ r {y)\ ' 

then 

\u(z)-u(w)\ < C\z- w\ a 

for all z, w 6 D. 

We will also refer to a lemma of Schmalz (Lemma 3.2 in [6]) which provides a 
useful coordinate system in which to prove estimates. 
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dV < ( - 2 |<2r(£) A d Im(f>(-, z) A dxi A . . .£ ,m ■ ■ ■ A efe2n| ok E c (z), 



Lemma 3.6. Define Xj by Qj = Xj+ixj+ n for 1 < j < n. Let Eg(z) := {( G D : \(— 
z\ < 5~f(z)} for S > 0. Then there is a constant c and numbers l 7 m £ {1, . . . , 2n} 
such that for all z G D. 

{-r(C), Im<p(-,z),x 1 , ■ ,x 2r J, 

where xi and x m are omitted, forms a coordinate system in E c (z) . We have the 
estimate 

1 

where dV is the Euclidean volume form on R 2 ™. 

We define the function spaces with which we will be working. 
Definition 3.7. Let < and < 5. We define 

||/|| i ^ (I)) = sup|/(c)|7 /3 (C)k(C)l"- 

Ce-D 

Definition 3.8. We set for < a < 1 

A a (D) = {feL™(D) | ||/|| Aq ^ll/ll^+snp 17 ^"^ 1 < co}. 

We also define the spaces A a ,p by 

A a ,p :={/:||/||A a , / , = ||y/||A ( ,<oo}. 
From [I], we have the 
Lemma 3.9. 

7 

with C 1 -estimates independent of e. 

For our C k estimates later, we will need the following properties. 

Theorem 3.10. Let T be a smooth first order tangential differential operator on 
D. For A an operator of type 1 we have 

i) A:L°°^ Q {D)^k a ^ t ,{D) 0<e,e', a + e + e'<l/4 

ii) j*TA : L°°' 2+£ < (L>) -» L°°> e '> s (D) 1/2 < 6 < 1, e < e' < 1 

Hi) A : L°°' e ' 5 (D) — > L° c ' e ' ,0 (D) e < e' , 8 < 1/2 + (e' - e)/2. 

Proof, i). We will prove i) in the cases that A, the kernel of A is of double type 
(1,1) satisfying the inequality 

\ A \ ~ pn-l/2-l^+l V - 1 

and A is of double type (1,2) satisfying 

I^LI < 7^?,, ti A*>1, 

l l ~ pn-l-jtU )i+l ^ — ' 

all other cases being handled by the same methods. 
Case a). A, the kernel of A, is of double type (1, 1). 
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We estimate 
(3.4) 

1 



7 e (0 



7 (z) 



2-e' 



7(w) 



2-e' 



(0(C,z))^ +1 P(C,z) n " 1/2 " M (</>(C,w))^+ 1 P(C,w) n " 1/2 "' i 

Then the integral in (|3.4[) is bounded by 



dV(C). 



(0 



df(C) 



7(w) 



2-e' 



D 



7 £ (C) 



i-l/2-/i 



i-l/2-^i 



0(C, W))^ +1 P(C, 2)"- 1 /2-/<P(( 1 w -)n-l/2-» 



dv(0 



= i + ii. 

In / we use 



(0(c, - (<xc, z)y +i = Y,(Hc, w)r- 1 m, z)ym, W ) ~ #c, «)) 

and 

Therefore 



0(C, w) - 0(C, «) = 0(7(0 + IC - z\) \z - w\ 
7 (z) 2 " e ' ( 7 ( C ) + |C-«|)|z-u;| 



d 7 e (C) |</»(C J 2)|"+ 1 -^(C,^)| m |C-^l 2 "- 1 - 2 ' 1 
1 



l7W 2 --7H 2 lL dy(C) 



^E 

Z=0 



7 e (C) |<KC,™)|' i+1 |C-"2| 2 ™~ 1 ~ 2 '' 

" - 7 (,)3-e' 



z — w\ 



7 e (C) |0(C,2)|^ +1 -'|0(C,u')l /+1 IC- zl 2 "- 1 - 2 ^ 



dv(Q 



E 

Z=0 



7(*) 



7 e (C) |0(C,z)|' I+1 - ; |0(C, w)l' +1 IC - z| 2 »- 2 - 2 ^ 

ItW 2 - £ '-7H w I 



7 e (C) |^(C,^)I" +1 IC--2| 2 " -1 " 2 '" 



dv(0 



h + Ir. 



For the integral 7 a we break the region of integration into two parts: {|£ — w\ < 
|C — z\} and {\( — z\ < |£ — w\}, and by symmetry we need only consider the region 

{|C-*I < \C-w\}. " 

We first consider the region E c , where c is chosen as in Lemma l3~5l Without loss 
of generality we can choose c sufficiently small so that j(z) < holds in E c (z). 
We thus estimate 

3-e'-e \Z-W\ 



(3-5) 



DnE c 
C-*I<IC- 



|0(C,z)|^ +1 - i |0(C,w)|'+ 1 |C-z| 2ri - 1 - 2 ' 1 
We use 7(2) < 7(10) + \z — w\ and 

(3.6) \z - wf < |C - zf + |C - wf 
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for (3 > to bound the integral in ()3.5|) by a constant times 



(3.7) 



+ , z - H - / 7(*) 2 IC-H 2 - dV{0 

We use a coordinate system si, S2, ii, . . . , t 2n ~2 as given by Lemma T3. 61 with si — 
— r(C) and S2 = Im^, and the estimate (|3.6[) on the volume element 

(3.8) d^(C) < -r -,\d Sl ds 2 dt\ 



where t = y t\ + ■ ■ ■ + t 2n _ 2 , and the second line follows from 7(C) < 7(2:) on E c (z). 
We have the estimates 

0(C,«) £ s i + N +i 2 
<KC™) > -r(w) +si + t 2 . 

After redefining S2 to be positive, we bound the first integral of (|3.7p by 

\z - w\ 1/2+a 

( 3 - 9 ) I f 11/2 7Hx 

Ir^w)! 1 ^ 

^ 1 -t 2n - 3 d Sl ds 2 dt 



(Sl + S 2 + t 2 )^+l-' ( Sl + |C- U ;|2)i+l/2i2„-l-2 A1 + e + e ' 



< — :— ; — --777; — 7(w) / — — — n „.,,.,. — jrrdsids 2 dt 

~ | r (V)|l/2 ^ ( Sl +S2 +< 2) M +l-/( Sl +t 2y+l/4+a/2 

~ 1 7 mi/9 7M / - ds!ds 2 dt 

\r(w)\ 1/2 Jv sl 1 8 (si + s 2 )t 3/4+a+£+e 

i*-h 1/2+< \.,„^ /■ 1 



, ■> 7( w ) / TkTTr TtCTTTi ds\ds 2 dt 

kHI 1 / 2 ' J V s f / 16 s l 5 / 16 t 3/4+a+e+e' 

~ I 7 Ml/2 

where y is a bounded subset of R 3 . 

The second integral of (|3.7[) can be bounded by a constant times 

IC ~ W|2_ " -t 2n ' 3 d Sl ds 2 dt 



y ( Sl + S2 + t 2) M +l-i( Sl + |f _ UJ |a)I+l i 3n-l-3/ t + £ +« 

/• t 2 M ~2-e-e' 
< \z — / T7 — -: — r- rry- j-dsids 2 dt 

~' Jy (si +s 2 +< 2 )^ +1 -'(«i +t 2 ) i+Q / 2 

where again ^ is a bounded subset of R 3 . The last line follows by the estimates in 
ES). 
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In estimating the integrals of I a over the region D \ E c , we write 

ic-.%-i r(c) m,z)\» +1 - l \^M\ l+1 \t-A 2n - A - w lu 

< I, _ wr / _i IC-H 1 - dV(0 

< |z — w|"x 

|C-^Tc-«l 7 £ (C) |0(C^)|^ +1 ^|0(C,w)|' + 1 /2W2| C _ z |2n-4-2 M+e ' rft/ (O 



(3.10) ^ 

7 e( C ) | C _^| 2 n-l +a+£ ^(0- 



< 



We denote the critical points of r by pi, . . . ,pk, and take e small enough so that in 
each 

U 2£ (p j )={(:Dn\C- Pj \<2e}, 
for j = 1, . . . , fe, there are coordinates Uj x , . . . , u Jm , fj m+1 , ■ ■ ■ , Vj 2n such that 

(3- 11 ) - KO = 4 + • ■ • + <, - «L . 

with Uj a (pj) = (p 3 ) = for all 1 < a < m and m + 1 < /? < 2n, from the Morse 

Lemma. Let U e = Uj=i U e {Pj)- We break the problem of estimating (|3 . 10[) into 
subcases depending on whether z G U e . 

Suppose z G U £ (pj). Define w±,..., w 2 n by 



(3.12) w a 



for 1 < a < m 

for m + 1 < a < 2n. 



Let xi, . . . , x 2n be defined by Ca = x a + ix„ +Q . From the Morse Lemma, the Jaco- 
bian of the transformation from coordinates x\, . . . , x 2n to Wi, . . . , w 2n is bounded 
from below and above and thus we have 

|C-z|~K0-K*)l 

for C, z e U 2 e(j >j)- 

From (|3.1ip we have j(z) > \w(z)\, and thus 

\w(0-w(z)\^\(-z\ 
>l{z) 

> Hz)\ 

> \w(0\-\w(C)-w(z)\, 



and we obtain 



KC)l<K0-^)l 
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Using |ui(C)| < 7(C), we estimate, using the coordinates above 
\z-w\ a [ — 7—7- -j— 1 ■ , , dV(0 

Ju c \E.i e iO\^-A 2n - 1+a+t 

< \z — w\ 

S \z — w\ 



(u + v) 



2rt-l+a+e'+e 



where we use u = ,/uj + h uj , v = . vj + h v 2 , and V is a bounded 

\f Jl Jn~L \f Jm-\-l J2n 

set. 

In integrating over the region D\U e we have 
i(i3W e )\iJ c 7 e (C)IC-2| 2 "" 1+Q+e 

< I* - H" / — — r-dV(C) < |z - w| Q , 



(D\C/ e )\B, 



7 £ (C) 



which follows by using the coordinates W\, . . . , W2n above. 

Subcase b). Suppose z £ U £ . We have |£ — z\ > 7(2), but 7(2) is bounded from 
below, since z ^ U £ . We therefore have to estimate 

which is easily done by working with the coordinates Wi, . . . , W2n above. 

The region in which |f — w\ < |C — z\ is handled in the same manner, and thus 
we are finished bounding I a . 

We now estimate and again, we only consider the region |£ — z\ < |C — w\. 
We first estimate the integrals of over the region E c (z), where c is chosen as in 
Lemma T3. 61 and sufficiently small so that |£ — z\ < 7(C)- As we chose coordinates 
for the integrals in I a , we choose a coordinate system in which Si = — r(£) and 
,s 2 = lm<j> and we use the estimate on the volume element given by (|3.8[) . We thus 
write 

(3.13) 

( _»n^ H ^ |0(C,z)|^+ 1 - i |(/)(C,w)| i + 1 |C-^| 2n - 2 - 2 ' i+e+e 

< |z-w| a X 

/■ ^2n-3 

< |Z - w| Q ^ ( Sl + S2 + t 2) M +l-Z( Sl + t 2)i+l/2+a/2t2„-2-2 AI+ e +e ' 
/■M y>AT ,2^-1-e-e' 

<\z — w\ a / / — — „.,...,„, — jrrdsidt 

< |z - iu| Q / / — dsdt 

Jo Jo s ^ 8 tl/4+a+ £ +e' 

<\z-w\ a , 
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where we have redefined the coordinate S2 to be positive, V is a bounded subset of 
R 3 , and M, N > are constants. 

The integrals of lb over the region D\E C are estimated by (|3.10|) above. 

For the integral I c we use 

| 7 H 2 - £ ' - ~/{z) 2 ~ c '\ <\z-w\ (tH 1 ' 6 ' + liz) 1 -"') 

and estimate 

, 1 | z _ w |( 7 ( w )i-' +7 ( z )i-') 

(8 ' N) /c-.i#ic-i 7 £ (C) I^C^I^MC-^I 2 "- 1 - 2 ^ ^ (C) ' 

Let us first consider the case 7(111) < j(z) and integrate (I3.14|) over the region E c . 
We use a coordinate system s,t\,..., t2 n -i, with s = —r and the estimate 

£2n-2 

dV(0 < —r^dsdt 

j(z) 



for t = Jt\ H h tl n _ v We thus bound jOH) by 

(3.15) 

\^YMrL dV( c) 



K-i|<|<-«,| 



70) 



~ ' Z W ' / Dn£ c U(C w)\» +1 / 2+a / 2 \C ~ z \2n-l-2ti+£+e> dV (0 

!<-«!<!<— u>l 

/• fin— 2 
<\z-w\ a I - dsdt 

~ 7y ( s + i2)p+l/2+ Ce /2 t 2ri-l-2 M +£+ e '" AU '' 

< 



z-w\ a , 



where V is here a bounded region of M 2 . 

Over the complement of E c , (|3 . 14[) is bounded by 

f 1 1 



< 



which follows from the estimates of (|3. 1 0[) above. 
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For the case 7(2) < j(w) we estimate (|3.14[) over the region E c using coordinates 
as above by 

/o 1fi \ f _i \z - w\~f{w) 1 -' i ' 



U_ w ll/2+a/2 

< 7(w)x 



\r(w)\V* 

e _^- wl 7 £ (C) \H(,w)\^+»/Z\( - z |2n-l-2M+ £ ' dy(C) 



| z _ w |l/2+a/2 /• t 2„-2 

~ \r(w)\V 2 R 'jy(s + i 2 )" +1/4+a/2 t 2,1 - 2 ' 1+£+e ' 



„ | 2 _ w |l/2+«/2 

< 7(10), 



r(u,)|i/a 

where the last line follows as above. While over the complement of E c we use 
l( w ) ^K~ w \ to bound ([37T4f by 



IC-*I<IC- 

1 1 



< \z — w\ 

< z — w\ 



Id 7 £ (C) |C-z| 2 "- 1+£ '+« 



We are now done with integral I. 

For integral II above we again break the integral into regions £ — z\ < |£ — w\ 
and |C — w\ < |C — z\, and we only consider the region \( — z\ < \( — w\, the other 
case being handled similarly. 

We write 



/ . \ In — 1 — 2.11 / , \ In — 1— 111 

(p{Q^) 1/2 ) -(p(C,-) 1/2 ) 

£ {p(cz) 1/2 ) (p(CM 1/2 ) (p(c,z) 1/2 -p(Cw)^) 



2n-2-2u-2 

{p(Czy r \ 

1=0 

and use 

\P((,z)-P((,w)\ 



p(C,z) 1/2 -p(C,-) 1/2 



~p(C,zy/ 2 + p((,wy/ 2 
ic-*i + ™ 



< 



7(0 



< 



K-*l 



\z — w\ 



K-z\ 

which follows from Lemma 13.91 



z — w\ 
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We thus estimate 



< 



7 e (C) 

2n-2p-2 „ 7M 2 ~ g 

7 e (C) 



(</>(C, W))M+1P(C, z)™-V2-MP(( ; w )n-l/2-^ 



dV(Q 



E 



z — w 



l(lC-*l + ^)^(0 



< 



£Z ^ ic-ilic-i WC, (^(C, ^) 1/2 )' +1 (^(0 ™)V2) 2 " 1 2 " < |c - z| 

7H 2 ~ £ ' |z-w| 

o| y(0 m,w)\^\C-z\^ lu 

7(w) 1 ~ e ' |r(w)||z-w| 

; k ._ h 7 e (C) i<xc,^ +1 ic-^i 2n+1 - 2 ^ ^ 

=II a + II b . 

For 7T a , we break the integral into the regions E c (z) and its complement. We 
first consider 

(3.17) 

r y(w) 2 ~ e \z ~ w\ 



dv(0 



a f 1 1 

~ ^ _ W ' J ( _°\ E e_ wl 7 £ (C) |0(C,w)|^- 1/2+ " /2 + £ ' /2 |C-^| 2 "" 2AldT/ ^' ) 

^k-H° / — 7777; 1, 1 rz 7 r dV(C) 

1 1 J D r(0\(-z\ 2n - 1+a+e 

< \z~w\ a , 



where we use 7(10) < |£ — w\ and the estimates for (|3.10p . 

We then bound the integral II a over the region E c (z) by considering the different 
cases 7(u>) < 7(2) and 7(2) < j(w). In the case 7(11;) < "f(z), we use a coordinate 
system, s,t±, . . . , t2n-i, m which s = — f(C)> and using the estimate 

±2n—2 

(3.18) dV(C) < ——dsdt, 

7 (z) 

we have 
(3.19) 

7(w) 2 ~ e |z-w| 



=5^(0 



< |^-^l 1/2+ " r v /■ , u_ e < ^(0 

~ |r(«?)| X /a J c _^_ w |0(C,w)|' i + 1 /4W2|^_ z |2n-2 A1 + £ 

|z-H 1/2+ ° /■ ^- 2 - e - e ' , , 

— — — — 77;; — 7(iu) / ^ tt, — m~r~i — j^dsdt 

~ | r ( w )|l/2 'V /y^ ^ + y +1 /i +a /2 

^ — 1 — 7 — 77777 — iM / t/b q 1 — ; — rrdsdt 

| r (w)| 1 /2 ,v ; y y s 7/8^3/4+Q+e+£' 



l z _ w ll/2+ a 

< : 7(W). 



-(u;)|Va 
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In the case 7(2) < j(w), we estimate as above 
j(w) 2 ~ e \z — w\ 



C-?£ft_„| 7 ^ |0(C,HI^ + 1 |C-^| 2n - 2M 



=5^(0 



~ 1 7 mi/o 7(w) / _^ _ 7W 



< k-w| 1/2+ "^^„, f (7(2) + |C - to|)dV(0 



-7(w) 



"HI 1/2 Ac-°I<K C - I l^(C,w)|^+ 1 /4+a/2|^_ z |2«-2 M + e+£ '- 

The integral involving 7(2) is estimated exactly as above. We thus have to deal 
with 

| z _ w |l/2+q , | C _ w \dV(() 

|r(w)| 1 /2 7 ^ J | dhe c | |0(C, w;)|M+l/4+a/2 _ z |2n-2, I + £ +e' ' 

which we estimate using the coordinates s, ti, . . . , tm-\ above by 

U yJl/2+a /■ \C-w\dV(C) 



^ \z-w\ 1 / 2+a , . f t 2n - 2 dsdt 

< : 7(WJ ' 



( W )|!/2 ,v ( s + f 2^-l/4+a/2( s + f)2n-2p+l+e+e' 

| z _ w |l/2+Q r 1 

~ FRF 7(W) 7v S 3/ 4 +«/ 2 +-+ e '+^l-^ S ^ 

. |z-w| 1/2+Q 

~ I 7 Ml/2 7 H, 

where < S < 1/4 - (a/2 + e + e'). 
For lib we first estimate 

a f 1 IC - H 2 ~ Q ~ e ' 

Z " 4-.%-h 7 e (C)l0(C,HI^IC-^l 2n+1 - 2 ^ F(C) 

a f 1 1 

r y c 7 e (c) | C _ z |2 n -i +Q+e '^(0 



< 



< z — w 

<i*-H a , 

where c is chosen as in Lemma 13.61 and we use 7(11;) < |C — w\ on D \ E c (z). 
We now finish the estimates for lib- We have 

\l-e' 



r 7W 1 - 6 KOII-z-H , wn 

/ , 7 £ (C) |0(C^)l^ +1 IC-^l 2 " +1 - 2 ^ ^ 



IC-«l<IC-w| 

(3.20) 

~ |Z " / c r»n-« ^ 7Wl " £, |^(C,Hl^ 1/2+a/l2 |C-^| 2 " +1 ^ +e dF(C) - 

We again consider the different cases 7(10) < "f{z) and 7(2) < j(w) separately. 
With 7(10) < 7(2), we use coordinates s,ti, . . . ,tan-i as above with the volume 
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estimate (|3.18p to estimate p.20|) by 

r £2n-2 
\ Z ~ W \° J v ( s + f 2) M -l/2+a/2( s + f)2n+l-2„+ £ + 6 - dsdt 

< ' z - H" X s i/W t '+i f i-i M 

<I*-H a , 

where < (5 < 1/2 — (a/2 + e + e'), and V again denotes a bounded subset of R 2 . 
In the case 7(2) < 7(1/;), we write 7(10) < 7(2;) + |C — w\, and estimate (|3.20p by 

\ z - w \« [ l(z) + \(-w\ 

IC-*I<IC-<"| ™ v ^' yl ' ' 

The integral involving 7(2) is handled exactly as above, so we estimate 

/ic ^1 
DnE c W? w )\n-l/2+ a /2\(- _ z \2n+l-2v+e+e> dV (^> 
|C-*I<IC-m| 1 v " 1 1 

<\ Z ~ W \ J ^ |0(C,w)|^^ 1+a / 2 |C - ^|2«+l-2M+e+e' dl/ ^' 

The case of /i = 1 is trivial so we assume /1 > 2 and using the coordinates 
s, ii, . . . , ^2n-i) we estimate 

/■ £2n-2 

^ i z - h q / y s3 ,4+ a /L+S t l/2 dsdt 



< 



\z-w\ l 



Case b). A is of double type (1, 2). 

Following the arguments above we see we need to estimate 



1 

7(0 



l+e 



7(w) 



2-e' 



D 



7(0 



1+6 



in— 1— ft 



n—l — fi 



dV(0 
dV(() 



{die, w)y +i p(c, z)"~ i -' i P(c, w) n - i -» 

= III + IV. 

Following the calculations for integral I in case a) we estimate integral III by 
the integrals 

" f l(z) 2 - e ' \z-w\ 
Id 



E 

1=0 



7(C) e \<f>{C, «)|" +1_I I0(C, |C - z| 2 »- 2 - 2 ^ 
" r 7 (^) 2 - e ' |« 



E 

z=o 



7(C) 1+e |^(C,2)| fl+1 -'|'?!>(C,u')| i + 1 |C-2| 2 "- 3 - 2 A' 
1 | 7 (z) 2 - e '-7M 2 - £ 'l 



dV(Q 



D 



7(C) 1+e l<MC,™)r 1 IC 



|2n-2-2/j 



IIL + //A + II L 
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Estimates for the integral III a are given by if, in case a). 

For the integrals of Ilh, we consider separately the regions E c {z) and its com- 
plement. We also only consider the case C — z \ < IC — w \- 

In the region D n E c (z), we use a coordinate system in which s = — r(£) is a 
coordinate, and we use the estimate on the volume element in E c (z) given by (|3.18p . 
We can also assume that c is sufficiently small to guarantee that |£ — z\ < 7(C) in 
E c . 

The integrals 

7 ^ 2 ~ 6 ' dv (f) 

c-fi^-i 7(c)1+£ l^(C^)l' 1+1 -^(C^)l z+1 IC-^l 2 "- 3 -^ lU 

can thus be bounded by 

\z- w| 1/2+a 

| r(z) |l/2 W X 

IC-H 1/2 - ^-2^ 

( a + \Q - z \2y+l/2-l( s + |C- U;| 2 )'+!|C - 2 |2n-2-2 M +e+e' 
| z _ w |l/2+a , t 2„-2 

~ |r(z)|V2 H ( s+ |^_ z |2) M +5/4+a/2|C-z| 2 "- 2 - 2 ^+ e + e ' 

| z ^ w |l/2+^ r t 2y-e-e' 

~ |r(z)|V2 TW/ y ( s + f 2)M+5/4+«/2 M 

|«-H 1/2+a ,.^ /* i_ 



< l*-H 1/2+a r , 

~ |r(z)|V2 7 ^' 



where is a bounded subset of M 2 . 
We now estimate 



t-.^-i 7(c)1+£ wc.*)i M+1_ w,™)Mc-zi 2n - 3 - 2 '' lu 



< i* - 



ic-.^Tc-«i 7(c)1+£ i^(c^)r +i/2+Q/2 ic-^i 2n - 3 - 2i+£,dT/(c) ' 



We use coordinates , . . . , Uj m , Vj m+1 , . . . , U/ 2n as in (|3 . and the neighborhoods 
U2e{Pj) defined above. We break the problem into subcases depending on whether 

zeU e . 

Subcase a). Suppose z £ U s (pj). As we did above above define wi, . . . ,W2n by 



Wo 



Uj a for 1 < a < m 

Vj for m + 1 < a < 2n, 
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and let xi, . . . ,X2n be defined by £ Q = x a + ix n + a . Recall that we have < 
£ — z\ and \w{C)\ < 7(C)- Thus we estimate, using the coordinates above, 

(3.21) 

/ 1 1 

\ z ~ w \ a J i( _D\»e_ vi 7 (c) i+£ i0(c,w)r +i/2+Q/2 ic-^i 2n - 3 - 2 ' +£ ' dl/(c) 

D\E C 7fC) 1 + C \C ~ z\ 2n - 2 + a + t ' 

-*|<|C-w| ' 

,^m— 1^2n— m — 1 



< 


\z 


— w 


a 


( 












< 


\z 


— w 


a 


I 












< 


\z 


— w 


a 


I 












< 


\z 


— w 


r, 





(u + w )2«-l+a+e+e 
1 



dudv 



where we use u = \ u 2 + ■ ■ ■ + u 2 t v = ,v 2 + •••+«? , and V is a bounded 
set. 

Subcase &). Suppose z ^ J7 e . We have £ — z\ > 7(2), but 7(2) is bounded from 
below, since z ^ U E . We therefore have to estimate 

which is easily done by working with the coordinates W\, . . . , wm above. 
We now estimate integral III C - We use 

| 7 (z) 2 - e ' - 7 (^) 2 " £ ' I <\z-w\ [liz) 1 - 6 ' + t(w) 1 ^) 

to write 

c ~ i lc -,i?ic-»i 7(c)1+£ I^C^I^IC-*! 2 "- 2 - 2 " 

We first assume 7(w) < 7(2). Then we estimate 

(3 221 f 1{Z)1 ~ € ' |Z ~ W| dV(C) 

y- > J {i _^ c _ wl 7(0 1+e ^(c^i^ic-*! 2 "- 2 - 2 " lu ' 

by breaking the integral into the regions E c and D\E C . In £ c , again assuming c 
is sufficiently small so that \( — z\ < 7(C), (j3-22[) is bounded by 

which we showed to be bounded by \z — w\ a in ()3.15|) . In the region D \ E c , we 
estimate 

7(z) 1_e \z — w\ 



c _^<1c -»i 7(c)1+£ W£ u ')l /i+1 K-*l 2n ~ 2 ~ a ' 1 



< i* - 



where the last line follows from (|3.21|) above. 
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We therefore now consider the case j(z) < "f(w) so that 

in < ( l{w)1 ~ £ ' ^"-^ dv(C) 

V.,| IC _ W| 7(C) 1+£ m,w)\^\(-z\2"-2-^ ^U- 



In the region E c we estimate 
7H 1 ~ e ' 



: dv(0 



< / 7(w) \- — ^ dVfO 

IC-»I<IC-«I 

z _ w |l/2+Q /• 1 

~ |r(u;)| 1 /2 l( W ) J D ns t | |0(C,U;)|' 1 + 1 /4+a/2|^ _ z |2n-l-2 M +e+£' d ^(0- 

Using the coordinate system s — —r(Q, fi . . . , i 2 n-2 with volume estimate (|3.18p 
as above we can estimate 

\r(w) | V3 7(W) ^ ( S + t 2)M+l/4+ Q /2 i 2„-2 M+£ +e' ^ ~ ^ 1 1/2 7 W 

by 

In the region D\E C , we use j(w) < |C — w\ to estimate 



(3.23) 



7(») W |*-«| dy(c) 



e-3^-.i 7(c)1+£ WMI^IC-*! 2 " -2-2 " 



< 



< 



c-? x <k c -h 7(C) 1+e l^(C^)l^ +1 IC-^l 2 "- 2 - 2 ^ lu 



<-*?<K-H 7(C)1+£ l0(C^)l^ +e ' /2+a/2 |C-^| 2n - 2 - 2 ^ 

: - ""I" / DXBc 7(C U +e i C _ z |2n- 2+6 - + a ^(0 
C-*l<i<-H V ; 1 1 
r ^.m— l«.2n— 1— m 
< \z — w\ a / -7, =- —7- — ducfo 



< 



z-w\ a , 



where the coordinates u and v are defined as in (|3.2ip . and where the last line 
follows from (|3.2ip . We are now done estimating integral III and we turn to IV. 
As in case a) for integral II we estimate IV by the integrals 

7(W)2 " £ ' \z^w\ 

+ [ ?M^L IKOIk-H dV{0 

^ IC _„# IC , 7(C) 2+£ WCaOI^IC-*!* 1 - 2 " 
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To estimate IV a we break the region of integration in E c and D\E C . In the 
region D\E C we use "f(w) < |£ — w\ and estimate 



K-»I<IC 



IC-*I<K- 



< 



d\e c -vf0 1+£ IC - Z |2n-2-2 A1 +£'+a 
|<-*|<|C-w| ,v ^ ; lb 1 



7X^(0 



< 



\z-w\ a , 



where the last line follows from (|3 . 23|) . 

In the region E c we consider the different cases j(w) < 7(2) and j(z) < j(w) 
separately. In the case "f(w) < 7(2), we write 

( , 7(C) 1+£ WMI^ C-* 3 "- 1 - 2 " lu 

it — ^1 S IC — *u I 

~ | r (u,)|l/2 J ( _»™»_ wl 7 ^' ) |0(C,w)|A'+l/4+ Q /2|^_ z |2n-2 AI+e +e' ^(0 

and we choose a coordinate system in which s = —?"(£) and we use the estimate on 
the volume element given by (|3.18[) to reduce the estimate to 

| r(w) |i/2 7(«0 ] v{s + t 2y + i/i+ a /2 clsdt ~ | r ( w )|l/2 7 ^ 

which follows from (|3.19l) . 

In the case 7(2) < 7(10) we have 

ic-?isi/-i 7(c)1+e l^c^i^ic-^ 2 "- 1 - 2 " lU 

z _ w \l/2+a ^ ^ f ^ ^ j 



~ IrHI 1 ^ dob, u 7 ^|0(C,w)^ +1 /4+«/2|^_ z |2n-2 M+£ +e' dT/ (C)- 

We then write 7(10) < 7(2) + |C — w\, and we bound 

|r(t0)|Va l( W )J 7(*) |0(C, w )|M+l/4+a/2|( _ ^2n-2^+e+e' 



< Iz-wl 1 /^" 

by (|3 . 16(1 and then consider 



\z-w\ 1/2+a f 1 

( 3 ' 24 ) | r (iy)|l/2 ^ J \(t){(,w)\K-l/4+°</2\( - z\ 2n - 2 K+c+c' dV ^' 
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The case ji = 1 is trivial so we assume /i > 2 in which case we use coordinates 
s = —r(Q,ti, . . . ,t 2n -i and bound ()3.24|) by 

| z _ w |l/2+a , t 2»-3-e-e' 



Hl 1/2 ; ii/(s + ( 2 )"- 1/4+Q/2 



£ i / mi/9 TM / 17757371X7^X7; 



" IrHI 1 ^ 
To estimate IVh we use 



: — 7(w). 



|r(C)l < ! 



7(C) 2 

which follows by working in the coordinates of p. lip near a critical point, and thus 
we have 

<3 ' 25) ,Vi ~ La,-. ^SMn^F* 

We break the regions of integration in (|3.25j) into E c and D\E C . The estimates for 
/Vf, in the region E c are handled in the manner as was done for IV a . In the region 
D \E c we use -f(w) <\(-w\ to bound (|3~2l>|) by 

r y(w) 2 ~ e \z — w\ 



dK(C) 



7(C) £ |^(C,w)l A1_1/2+e ' /2+Q/2 IC-z| 2 "- 2 ^ dF ^' ) 



< |z-u>| Q . 

u). For T z a smooth first order tangential differential operator on D, with 
respect to the z variable, we have 

T z r = 

T z r* = £ , r 

z r r* 

T P = c-ifi + £o,o _ 



' 7 ( 7 .)2 

= £i.o + %(P + £ 2 ,o) 
7 

T^ = £ ,i + £i,o- 

We consider first the case in which the kernel of A is of double type (1,3), of the 
form -A(3) (C^ z )i where the subscript (3) refers to the smooth type. 
Thus we write 

(3.26) 1*T Z A {3) = 7 Vl (1) 7 + 7 *yi (2) +A {3) , 

and estimate integrals involving the various forms the integral kernels of different 
types assume. 
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We insert (pT26ll into 

l*TA (3) f= I f(Ch*T z A {3) (C,z)dV(C) 



D 

and we change the factors of 7* through the equality 7(2) = 7(C) + £i,o- **) will 
then follow in this case by the estimates 



■\A {l) {t,z)\dV{0 



D 7 e (C) r'W"'-"" w ~ |r(*)|* 
7 + (0 \r(z)\ d 



(3-27) A#(c) |yl(3)(c ' z)|dnc) -i^)r 

We will prove the case of (|3.27|) in which ^l( 3 ) satisfies 



The other cases are handled similarly. 

Using the notation from i) above, we choose coordinates Uj 1 , . . . , Uj m , Vj m+1 , . . . , Vj 2n 
such that 



— r(C) = Uj t + ■ ■ ■ + u" — v" — i! 



22 2 

Jm - V J m+1 V h* 



and let U e = Uj=i U e {pj). We break the problem into subcases depending on 
whether z £ [/ £ . 

Subcase a). Suppose z £ U e (pj). We estimate 

(3 - 28) 7 7 ^(C) 1^^-/2-^(0 

and 

(3 ' 29) X eW2e 7^p^^I dF(C) - 

We break up the integral in (|3.28[) into integrals over E c (z) and its complement, 
where c is as in Lemma l3~6l We also choose c < 1 so that we also have the estimate 

|C-*I<7(0- 

We set 9 = —r(z). 
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In the case Uie^Pj) HE c (z), we use a coordinate system, s — — r(£), t\,... , i2n-i, 
and estimate 



f J^L i dv{0 



~ j v 7 1 - £ '(^)(^ + a + t 2 )^ +1 (s + t) 2n - 1 - 2 ^ dsdt 

r £2/*-2+e'-e 
5, / 77 ^ rrrdsdt 

^ /■ ^-2/i— 2+e'— e 

~¥ j v {s + t*y+^ dsdt 

1 f« 1 /•<» p^-2+e'-e 

< / „,„ r rfs / =r- — rdi 



<1 



o s 3/2 ~ 5 7o (l + i 2 )" +1 - 4 



where M > is some constant, and we make the substitution t = s x l 2 l. 
We now estimate the integral 

Ju 2e ( Pj )\E c ( z ) T +e (Q W +1 P n 3/2 ^ 
Defining u = x u 2 + ■ ■ ■ + u 2 , v = s v 2 + ■ ■ ■ + v 2 , and using the esti- 

\f Jl J m \j Jm-\-l J2n. 

mates from above 

KC)I<IC-2| 
KOI < 7(0, 

where w(() is defined as in (|3.12p , we can bound the integral in (|3.30p by 



(3.31) 



Jll± I dV (Q 



^ / 7 75 — n T77 ^ —dudv 

Jv ( u + v) 2n - 1+f -- f - (6 + u 2 + v 2 ) 

~ / 7 777 777 o ^rdudv 

Jv ( u + v) 1+e ~ e (9 + u 2 + v 2 ) 
If 1 

S 77J / 7 75 ox i jdudv 

s Jv ( u + v) 3 - 2S+£ - e 
<i 

- QS' 

where V is a bounded region. We have therefore bounded (|3 . 28[> . and we turn now 
to (j3~29l) . 

In D \ U2e we have that \( — z\ and 7(C) are bounded from below so 

f Jli± I dv(0 < 1 

This finishes subcase a). 

Case 6). Suppose z £ U £ . We divide D into the regions DC\E c {z) and D\E c (z). 
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In D n E c (z) the same coordinates and estimates work here as in establishing 
the estimates for the integral in (|3.31|) . 

In D \ E c (z) we have |£ — z\ > j(z), but 7(2) is bounded from below, since 
z £ U e . We therefore have to estimate 

which is easily done by working with the coordinates 11)%, . . . , w 2n above. 

Hi). The proof of Hi) follows the same steps as those in the proof of ii), and we 
leave the details to the reader. □ 

Theorem 3.11. Let X be a smooth tangential vector field. Then 

i 

J*X z E 1 _ 2n = -25i_an* C 7 + 4% n + £ ^-2n. 

!/=l 

where X is the adjoint of X and the E±_ 2n are isotropic operators. 

Proof. The proof follows the line of argument used in proving case 1) of Theorem 
l3~l and makes use of (jX^ + ~f*X z )£\_ 2n = £.{_ 2n . □ 

Theorem 3.12. Let T be a smooth tangential vector field. Set E to be an operator 
with kernel of the form £\_ 2n ((, z)Ri((^) or £. l 2 _ 2n (( , z) . Then we have the following 
properties: 

i) E^ 2n : L?(D) -» L S (D) 

ii) E : L°°' 2+e >°(D) -> K a ^ € ,{D) 0<e,e', a + e + e' < 1 
Hi) j*TE : A a , 2+e (D) -» L°°' e '' (-D) e < e ' 

i«) B : L°°' e ' S (D) L°°< e '' (L>) e < e', J < 1/2+ (e' - e)/2 

/or any 1 < p < s < oo with 1/s > 1/p— l/2n. 

Proof, i) is presented in [3]. 

The proof of ii) follows that of Theorem 13. 101 i) . 

For Hi) we let £((,z) be the kernel of E, and we calculate 

(Y) 1+e 'TEf = f f(0 7 *T z E(C,z)dV(0 

JD 

= (7T'7^V(C) 7 * r ffif'*W ) 

(3.32) = yV) £ '(7 2+ 7(C) - (7*) 2+ 7(^)) rr 7 7 + ( e C ' Z) ^(C) 

We use Theorem 13.111 in the last integral to bound the last term of (|3.32[) by 

(7*) 2+ 7« J d £i-2„,o(7*) e ' (^7 + |f&) dl/ (0 $ (7*) 2+£ |/(^)l 

< Il/lk, 2+e! 
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where the first inequality can be proved by breaking the integrals into the regions 
U2e and D\U2e and in the region D \ U2 £ using the same coordinates as in the 
proof of Theorem 13. 101 m). 

For the first integral in (|3 .32f) . we note if / G A Q then r y 2+e f £ A Q . We have 



(7* 



D 



(7 2+ 7(C) - (7*) 2+ 7M) 



r 



dv(Q 

\(-z\ a (i*Y 



7 *T z £(C,z) 



dv(0 



□ 



< Il7 2+ 7IU. 
<ll7 2+ 7IU Q . 

The proof of iv) follow as in the case of Theorem 13.101 iii) 

4. C k ESTIMATES 

We define Z\ operators to be those which take the form 

Z\ = -4(1.1) + Ei-2n ° 7: 

and we write Theorem 12.31 as 

(4.1) 7 3 / = ^i7 2 a/ + ^i7 2 a7 + ^i/- 

We define Zj operators to be those operators of the form 

j times 
Zj = Z\ o • • • o Z\ . 
We establish mapping properties for Zj operators 
Lemma 4.1. For 1 < p < oo and j > 1 
(4-2) l|Zi/l|p< \\f\\ L PJ*, 

and for < e' < e 

(4-3) ||^/IU-...o < ll/ILoo^.o. 

Proof. We prove (14. 2| for kernels of the form An ,i)(C> z )i where An i) is a kernel 
of double type (1, 1). We show below that A(x^-[\{C,, z) satisfies 

1 -\A {lil) ((,z)\\r(C)\- s \r(z)\ s dV(0<™ 



(4-4) 



sup 

zg!2 



7(C)' 



for S < 1. The lemma then follows from the generalized Young's inequality. 
We further restrict our proof to the cases in which Ani) satisfies 







1 



7(0 



< 



7(0 



1 



") -777 I 



7(0 
1 



■\A { 



'"" V 7 (C) I '"^ 1 ' 1)| ~ 7 (C) pn-3/2-n^+l 

We will prove the more difficult case iii), as cases i) and ii) follow similar arguments, 
and we leave the details of those cases to the reader. 

We use the same notation as in Theorem 13. 101 iii). As in Theorem 13 . 1 01 iii) we 
divide the estimates into subcases depending on whether z £ U e . 



< 



< 



pn-l/2-/iU|n+l 

' A* > 1 



1 1 



fi> 1 



fj, > 1 
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Subcase a). Suppose z £ U e {pj). We estimate 

(4 ' 5) X 2£ ( Pj ) 7 (C)|0|M+lp»-3/2-M| r(C )|^ T/ ^ 

and 

(4 - 6) j DAU2B l{CM , + i P n-3/2-, HC) \S dV (0- 

We break up the integral in (|4.5|) into integrals over E c {z) and its complement, 
where c is as in Lemma 13.61 and we choose c < 1. Thus, in E c (z), we have 
|C-z|<7(0- 

In the case U2 S (pj)nE c (z), we use a coordinate system, s = —r(Q, ti, . . . , t^n-i, 
and estimate 

(4J) /^(p^n^wTlOI^I^^-^^IKOI 5 ^ 10 

/■ ^2n-2 

~ ,/ H 2 7 (C)7(z)s' 5 (6l + s + < 2 )^+i( s + i)2«-3-2 M 

~ X= ^(^/2 + s l/2 + i )3 rf ^ 
/•°° 1 

<i 

j times 

where we use the notation M. 3 + = R + x • • ■ x K + . 
We now estimate the integral 



<4 ' M y C / 2e b,)\Se(,)7(C)l^l^ 1 P n - 3 / 2 -' 1 |r(0l 5dy(C) " 

Recall from above that with the coordinates Uj t , . . . , Uj m , Wj m +i , ■ ■ ■ , i>j 2n so that 
around the critical point, pj we have 

-r(o =< + ••• + - «L +1 V L 

and with u>i , . . . , it)2 n defined by 

{«, for 1 < a < m 
Vj a for m + 1 < a < 2n, 

we have \w{()\ < \C - z\ and \w(()\ < 7(0 for U 2e {Pj)- 
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We can therefore bound the integral in (|4.8|) by 

1 



u 2e{P3 )\E^)^0\^ +1 P n - 3/2 -^r(0\ s 



dv(0 



~ Jv ( u + v) 2n - 2 (9 + u 2 + v 2 )(u 2 - v 2)5 dudv 

J v (9 + u 2 )(u 2 - v 2 ) 5 

where V is a bounded region. We make the substitution v — vu, since v 2 < u 2 , and 
write (|4.9p as 

M ^ Z" 1 1 1 />A/ 



+ u 2 ) du J {l-v 2 ) sd *~ 9 s J Q u 2 ^{l + u 2 ) du 



where M > is some constant. We have therefore bounded (|4.5p . and we turn now 
to (1461) . 

In D \ ?72 e we have that |C — z\ and 7(C) are bounded from below so 

^ 7(C)H^- 3 /MKC)l^ (C) ~ W" y(C) ~ 

the last inequality following because in D \ U^e r can be chosen as a coordinate 
since 7(C) is bounded from below. This finishes subcase a). 

Subcase b). Suppose z ^ U e . We divide D into the regions D R E c (z) and 
£>\S c (z). 

In D n E c (z) the same coordinates and estimates work here as in establishing 
the estimates for the integral in (14. 7|) . 

In D \ E c (z) we have |£ — z| > 7(2), but 7(2) is bounded from below, since 
z ^ U e . We therefore have to estimate 



D 



7(C)k(C)l 



which is easily done by working with the coordinates Wi, . . . , W2n above. 

(|4.3p is proved similarly. □ 



Lemma 4.2. Let T be a tangential vector field and e > 0. For e > sufficiently 
small 

i) Z n+2 : L 2 (D) -» 

m) ||7TZ 4 /|| cl /4- e < ||/|U-.»+..o 

Proof. For z) apply Corollary 13.11 and Theorem 13. 121 i), n + 2 times. 

For ii) we let a < 1/4, and apply the commutator theorem, Theorem 13.41 and 
consider the two compositions Z\ o Z\ o jTA± o Zi, and Z\o Z\o jTE o Zi. From 
Theorems 13.101 and 13.121 we can find ei, . . . , £4 such that < e^+i < £j and such 
that in the first case we have 

\\Z 1 oZ x o jTAi o Z 1 f\\ Aa < \\Zi o 7 TA! o Zi/HiocLO < 

WlTA 1 O Z 1 f\\ L ^. t2 ,S < ||Zl/|| i o O ,3+« 3 ,0 < ||/|| L ^,3 + e 4> 
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and, in the second, 

\\Z t 0Z X jTE O Z X f\\ Aa < \\Zl O jTE O Zi/ll^oo.ei.a < 

\\ 1 TEoZ 1 f\\ L ~, 1+c2 , < ||^l/|] Aa , 3+e3 < |[/[[ i0 o,3+e 4 ,0, 

where the second and third inequalities are proved in the same way as Theorem 
\3.12\ ii) and in). □ 

We now iterate (14. 1[) to get 

(4.10) 7 3 V =(Z l7 3 ^+ 2 + Z 27 3 ^- 2 )+ 2 + • • • + Z, 7 2 )d/ 

+ (Z l7 3 ^- 1 )+ 2 + Z 27 3 ^- 2 )+ 2 + • • • + Z 3l 2 )B*f + Z,/. 

Then we can prove 

Theorem 4.3. For / 6 Lq q (D) n Dom(B) ("1 Dom(d*) ! q>l,ands>0 

ll7 3( " +3) /llcv4- e < || 7 2 a/|U + || 7 2 a*/Hoo + n/iia. 

Proof. Use Theorems 13.101 i) and 13.121 m) and Lemma 14.21 i) in (14. 10[) with j = 
n + 3 □ 

We use the notation to denote a fc*' 1 order differential operator, which is a 
sum of terms which are composites of k vector fields. 
We define 

k k 

Qk(f) = £ iiy+^'a/iu + £ || 7 i+2 w/]]ao + n/i| 2 . 

will be used for a k-th order tangential differential operator, which is a sum 
of terms which are composites of k tangential vector fields. 

Lemma 4.4. Let T be a tangential operator of order k. For e, e > 

|| 7 3(n + 6)+8 fe+ e Tfe/||ci/4 _ e < 

Proof. We first prove 

(4.11) || 7 3 ("+ 2 )+ 9 + 8fc + e T fc /||L- < Qk(f). 

The proof is by induction in which the first step is proved as was Theorem 14.31 We 
choose j = 3 in (|4~T0| and then apply (|4~T0f to 7 3(«+2)+7fcj to get 



7 



3(n+2)+9+7/c 



/ = z l7 2 a/ + z l7 2 a*/ + z 37 3 (" +2 ) +7fe /. 



We then apply 7 e ( 7 T) fe , where T is a tangential operator. We use the commutator 
theorem, Theorem 13. 4[ to show 

(4.12) 



fe-i 



3(ra+2)+9+8fc+e 

3=0 



T k f = 7 e ^ Z 37 3 ( n+2 ) +7fe+i T i / + 7 e 7 TZ 37 3 ( ,l+2 ) +8fc ~ 1 T fc - 1 / 



fe k 

+ 7 £ £ Z l7 J+2 T J <9/ + 7 e £ Z ll 1+2 T :i d*f. 

3=0 j=0 

By Lemma |4. II and the induction hypothesis, we conclude the L°° norm of the first 
term on the right hand side of (|4.12[) is bounded by Qk-i(f)- 
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In the same way we proved Lemma 14. 2\ we have 

~/TZ 3 : L°°' 3+e '' (D) -> i°°' £ '°(L>), 
for some < e' < e and so the L°° norm of the second term is bounded by 

|| 7 3(n+2)+8fc+2+ e ' T fc - 1 /|| i oo < \\ 7 Hn+2)+9+S(k-l) T k-l j^ Lga < Q fc _ l( /). 

The last two terms on the right side of (|4.12[) are obviously bounded by Qk(f)> and 
thus we are done with the proof of (|4. 1 If) . 

To finish the proof of the lemma, we follow the proof of (|4.1ip , and choose k = 4 
in (|4.10|) , then apply (|4.10[) to 7 3 (™+ 2 )+ 7fc J, and again apply the operators j € ('-fT) k , 
where T is a tangential operator. In this way, we show 

(4.13) 

fe-i 

7 3(n+2) + 12+8fc+c T fc j ^ 3 ( n+2 ) + 7fc+i rpj j + Z ^3{n+2)+8k-l T k-l j 

3=0 

k k 

+ 7 £ E Z^+^Bf + 7 e ^2 Zyf+^BTf. 

3=0 3=0 

By Theorems 13.101 z) and 13. 121 m). for some e' > 0, the first sum on the right hand 
side of (|4.13[) has its C x ^ 4 ~ e norm bounded by 

|| Z 3 7 3(n+2)+7*+«'+i T i / || j . aB < Q k _ l{ f) 

from above. We can use Lemma 14.21 ii) to show the C 1 /^ 6 norm of the second 
term is bounded by 

|| 7 3(„+2)+10+8(fc-l)+«' T k-l / || oo < Qk l{f) 

as above. 

The last two terms on the right hand side of (14.13|) are easily seen to be bounded 
by Qk(f), and this finishes Lemma [4^41 □ 

In order to generalize Lemma 14.41 to include non-tangential operators, we use 
the familiar argument of utilizing the ellipticity of d d* to express a normal 
derivative of a component of a (0, g)-form, /, in terms of tangential operators acting 
on components of / and components of df and d* f. With the (0, q)-iorm f written 

/ - E f^ J 

\J\=q 

locally, we have the decomposition in the following form: 

(4.14) 1 Nf. J = ]T aj jKl Tjf K + b.JL.f L + £ c JMl {df) M + ^ djpj(d*f) P , 

jK L M P 

where N = L n + L n is the normal vector field, and T%, . . . , Tm-i are the tangential 
fields as described in Section [3] The coefficients ajjK, bjL, cjm, and djp are all of 
the form £ 0: o and the index sets are strictly ordered with J, K, L, M, P C {1, . . . , n}, 
\J\ = \K\ = \L\ = q, \M\ =q + l, \P\ = q ~ 1, j = 1, . . . , In- 1. The decomposition 
is well known in the smooth case (see [5]) and to verify (|4.14[) in a neighborhood 
of 7 = 0, one may use the coordinates Uj 1 , . . . , Uj m , Vj m+1 , . . . , Vj 2n as in 
above. For instance, integrating by parts to compute d* f leads to terms of the 
form £o -i/j ; whereby multiplication by 7 allows us to absorb these terms into 
bj L . 
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It is then straightforward how to generalize Lemma 14.41 Suppose D k is a k th 
order differential operator which contains the normal field at least once. In ^ k D k 
we commute with terms of the form 7T, where T is tangential, and we consider 
the operator D k = D k ~ 1 o jN, where D k ~ 1 is of order k — 1. The error terms due 
to the commutation involve differential operators of order < k — 1. From (|4.14[) we 
just have to consider D k ~ lr )Tf, D k ~ 1 df, and D k ~ 1 8*f. The last two terms are 
bounded by Qk-i{f), and we repeat the process with D k ~ x jTf, until we are left 
with k tangential operators for which we can apply Lemma 14.41 

We thus obtain the weighted C k estimates 

Theorem 4.5. Let f S L 2 aq {D) n Dom(B) n Dom(B*), q > 1, a < 1/4, and e > 0. 
Then 

ll7 3( " +6)+8fc+£ /llc^« < Qk(f)- 

As an immediate consequence we obtain weighted C k estimates for the canonical 
solution to the 9-equation. 

Corollary 4.6. Let q > 2 and let N q denote the d-Neumann operator for (0,q)- 
forms. Let f be a d-closed (0, q)-form. Then for a < 1/4 and e > 0, the canonical 
solution, u — d* N q f to du = /, satisfies 

||7 3(„ + 6) + 8/c +eu||cfc + Q < 11^+2/11^ + ll/H^ 
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